KAHLER-RICCI FLOW IS SYMPLECTIC DEFLATION PLUS AN EXACT
SYMPLECTIC DEFORMATION

RANDALL R. VAN WHY

ABSTRACT. We demonstrate that Kdhler-Ricci flow on a Fano surface decomposes as a sym-
plectic deflation along a plurianticanonical divisor plus an exact symplectic deformation in
the divisor complement. We apply this decomposition to the study of certain projective bun-
dles. We establish the optimal decay rate in the setting of Song, Székelyhidi, and Weinkove
for a family of toric metrics which match the cohomological profile of Kahler-Ricci flow. In
doing so, we identify a C*-obstruction to proving the optimal decay rate in the setting of
ruled toric surfaces. We present these ideas as a new symplectic-topological approach to the
study of Kéhler-Ricci flow.
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1. INTRODUCTION
Suppose that (X, g,w) is a Kdhler manifold. The Kéahler-Ricci flow equation is given by

8twt = —Ricwt
Wy = w

(1)

Any 1-parameter family (X, g¢, w;) of Kdhler manifolds satisfying this equation is called a
solution to the Kéhler-Ricci flow equation. Here Ric,,, is the Ricci form of the Kahler metric
g+ defined by

Ric,, = —i00log (det ng(t)>

Cohomologically
[Ricy,] = c1(X)
and so we have an induced flow on cohomology

{815[0.}75 = —C1 (X)

[wo] = [w]

(2)

which has a unique solution [w;] = [wo] — te1 (X).

This observation leads one to conclude that for Fano manifolds, manifolds with ¢; (X)) >
0, one should expect a finite extinction time for X under the Kéhler-Ricci flow. In 2003
through public communication during a visit to MIT (c.f. [ST08]), Perelman demonstrated
that for a Fano manifold X, under the assumption that [wy] = T'¢;(X), one must have

3) diam,,(X) < CVT —t

where the left hand side is the diameter of X with respect to the Kédhler metric w;. Sesum
and Tian in [STO8] published a proof of Perelman’s estimate. It was then conjectured by
Tian [Tia08] and later proven by Song [Son14] that the condition [wy] = T'¢; (X ) holds if and
only if X is birationally Fano, so one should always expect such a decay rate in that setting.
This fact and other related results [FIKO3][TZ06][Tia08] have greatly contributed to the
present day analytic minimal model program which attempts to center Kiahler-Ricci flow
as a process that tends to converge toward minimal birational models through singularities
such as analytic blowdowns [SW13,SW14].

Perelman’s diameter decay rate estimate has been shown to have a major impact on
the strucuture of other complex manifolds under Kahler-Ricci flow. In [SW11], Song and
Weinkove make advances toward systemetizing these Fano collapse results to Fano fibra-
tions through their study of Hirzebruch surfaces. Subsequent work by [Fon14] on projec-
tive bundles continued this general direction. A major breakthrough came with [SSW13]
in which they proved that a projective bundle 7: (X, wy) — (B, wp) under the assumption
that

[wol = Ter(X) = [r*wp]
admits the following estimate for the diameter of the fiber '
diam, (F) < C(T — t)Y/3.

In their work, it is noted that this falls short of the expected optimum /1" — ¢t bound. Sev-
eral improvements were made in various settings and this thinking was applied to other
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Fano fibrations as well [FZ17][She21] [CT15][TZ18]. In 2015, Fong achieved the optimal
upper bound for the diameter of the fiber under the assumption of a Ricci curvature up-
per bound [Fon15]. For projective bundles, research developments culminated in Zhang-
Zhang’s 2023 improvement of the exponent to 1/2 — ¢ for every ¢ > 0, just shy of the
optimum 1/2 [ZZ23]. The author also notes very recent results due to Bednarek [Bed25],
Jian-Song [JS26a][JS26b], and Xu-Zheng [XZ26] which achieve the optimum decay rate in
various settings.

In this article, we use symplectic geometry to improve our understanding of the optimal
collapse rate in the settings of toric ruled surfaces. We use our findings in order to show
the following theorem in that context (c.f. [SSW13], Section 1).

Theorem 1.1. Let (X, g,w) be a toric ruled surface with compatible ruling. Let (g:,w:) be the
Kiihler-Ricci flow on X starting at (g,w) such that the volume of the fiber F collapses at time
T > 0. Then there exists a 1-parameter family of toric Kihler metrics Wy such that

Wy = Wy + 100y
and we have the following estimate
diamg, (F) < C(T —t)'/2.
This establishes the sharp upper bound in the setting of Song-Székelyhidi-Weinkove in [SSW13] for
the family w;.

Our proof of this result exploits the rich symplectic-topological rigidity near an anti-
canonical divisor in a Fano manifold. We show that Kédhler-Ricci flow on a Fano manifold
decomposes into two purely symplectic processes: symplectic deflation along a (pluri)anticanonical
divisor and an exact symplectic deformation in the divisor complement X — D. We view
Theorem 1.1 result as a natural toric realization of this decomposition. In light of [SSW13]
and others, we discuss how 1, is a C?-obstruction to the optimal bound for the decay rate
of the fiber under w; and urge a better understanding of its regularity. We present our work
as a completely new approach to the study of Kadhler-Ricci flow.

2. KAHLER RicCI FLOW RELATIVE TO A DIVISOR
2.1. Symplectic Deflation Near Plurianticanonical Divisors. The cohomological solution
[we] = [wo] —ter(X)

to the K&hler-Ricci flow implies that the flow simply deforms the cohomology class of the
Kéhler form linearly along the first Chern class. Let (X, g,w) be a Fano (or Calabi-Yau)
surface. We say a divisor D C X is plurianticanonical if it is Poincare dual to a positive
multiple of the first Chern class ¢; (X ), write

PD[D] = key(X).

Equivalently, D finds itself in the same divisor class as the k-plurianticanonical bundle
De|—- Kg?k]. For now, we will assume that this divisor is smooth. The normal bundle

v(D) = X%
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provides a symplectic model for a symplectic tubular neighborhood Np C X. The Thom
class of this bundle may be represented by a 2-form wp € Q%,(Np) < Q2,(M) compactly
supported near the divisor. Consider the family of de Rham forms

wt =w — twp

for t € [0,¢]. This form is symplectic for ¢ > 0 sufficiently small. The 1-parameter family
(X,w;) is a symplectic deformation known as an symplectic deflation along D. The class
c1(—K$F) restricts to the Thom class of the divisor D on any tubular neighborhood of D.
Via the representative wp of the Thom class, the cohomological solution becomes

t

) = ol = £ lpl.

Cohomologically, we see that Kéhler-Ricci flow appears to be simply performing symplec-
tic deflation along D.

2.2. Volume evolution and finite collapse. If ¥ C M is a 2-cycle, such as a J-holomorphic
curve or some other divisor, then along the deformation we have

Vol(X,w) = (Jwi], [Z])
_ /zwt
t
= /Ew — k/EWD
= Vol(Z,w) — %[E] -[D]
SO
d 2] [D]
$Vol(2,wt) i

and thus the change of the area of a 2-cycle ¥ along the deflation depends on the sign of
its intersection with the divisor D and its speed depends on the number of intersection
points. This also applies to the divisor D itself

d [D] - [D]

—Vol(D = —

dt % ( ,(.Ut) k
where ¢ = [D] - [D] is the self-intersection number of the divisor (assumed to be a smooth
surface). For this reason, positive divisors induce an upper bound on the existence time of
each curve under Kéhler-Ricci flow.

Ty — kEVol(¥,w)
(] - [D]
We let T,,q, be the maximum e along which [w;] remains positive along the deflation.
Then we may bound this time by the value 7p when Vol(D, wr,,) = 0 so
kEVol(D,w)

Tiae <Tp = [D][D]
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Suppose now that D has simple normal crossing singularities. One may still perform
deflation just as easily. Suppose that a simple normal crossing (snc)-divisor D decomposes

into smooth components as
N

D =] D
i=1

We let w; be a compactly supported 2-form representing the the Thom class associated to
the normal bundle v(D;) — D;. Then letting wp = Zf\i | wi, we may form w; = w — %w D
as before. Now we have

d [Di] - [D] di + ki

- D;, - _ — _

o Vol(D;,wt) k k:
where d; is the degree of the component D; C D in its divisor graph I'p and k; = [D;] - [D;].
Depending on the sign of this integer, the volume of a component may increase or decrease.
If d; + k; is positive, then the component collapses at time

_ kVol(Dj,w)
e d; + k;

Tp

and we may refine our estimate

Tinaz < min TDi <Tp.
i

2.3. Deflation plus an exact deformation in the complement. As we have seen, if D C
(X, g,w) is smooth and plurianticanonical, we may choose the 2-form wp representing its
Thom class to be supported in a symplectic tubular neighborhood Np of D modeled on
the normal bundle of D. Because of the cohomological identity

) = ] = L]

then we must have

t
wt — (w—-~wp) =0
/Zt ( A )

for every 2-cycle ¥, and so w; — (w — fwp) is an exact 2-form. This allows us to write

t
wt:w—%wp—i-dﬁt

for some 1-form S, € QL (X). Thus we see that Kdhler-Ricci flow differs from actual sym-
plectic deflation only by the exact form df;.
Since Supp(wp) C Np, in the complement X = X — Np, we have wp = 0 and the
deformation becomes
wr = w +df;
so Kédhler-Ricci flow is a purely exact symplectic deformation there.
Remark 2.1. One can generalize this setup to Np a regular symplectic neighbohood of a

divisor with simple normal crossings. These neighborhoods are built from smoothings

of plumbings of tubular neighborhoods of their smooth components. See for example
[LM24].

These straightforward observations allow one to conclude
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Theorem 2.2. Let (X, g,w) be a Fano variety and let D C X be a smooth (or snc) k-plurianticanonical
divisor. Then under Kihler-Ricci flow (X, g¢, wy) decomposes into two simultaneous processes:

Deflati
wp = Wy eflation +thxact

(1) Symplectic deflation along D supported in a tubular neighborhood Np C X with

Deflation __ t
Wy =W WD

and

(2) a global exact symplectic deformation
th:Eact — dﬂt

This decomposition presents a global organizing framework for Kéhler-Ricci flow in
the Fano setting. This perspective can be further refined in case of toric surfaces and its
consideration there will lead to our proof of Theorem 1.1.

3. TORIC VARIETIES

We now specialize to a smooth proper toric surface (X, g,w). Such a manifold admits a
toric moment map p: X — R2. The image of the moment map is a closed convex polytope
P C R?, its Delzant polytope or moment polytope. The preimage of the interior of the polytope
U = u~ (P — 9P) is an open dense submanifold with a free T?-action. The fiber T, =
p~1(y) over an interior point y € P is a torus which is invariant under the Hamiltonian
T2-action.

3.1. Convex Toric Potentials. A convex polytope canbe described via a collection of linear
functions {¢; })_, defining its faces: Each face F}; C 0P of the polytope lies on a unique line
which has a unique outward-pointing primitive normal vector 7i;. The Delzant polytope P
may be presented as an intersection of the half spaces defined by inequalities (c.f. [Gui94])
<y7 ’I’_i1> 2 )\1
<y7 ﬁ2> > A2

with A, € Z. We may then define the functions

Ue(y) = (v, 1K) — Ae
so that a point y is in the interior of P if and only if ¢;(y) > 0 for all &.
Following the framework of Abreu and Guillemin [Abr98][Gui94], each Kédhler potential
¢: X — R corresponds under the Lengendre transform to a convex function u: U — R

over the interior of the moment polytope P. In toric action-angle coordinates (y1, y2, 01, 62),
there is a canonical choice of u (c.f. [Abr98][Gui94])

1 N
u(y) = 5 > () log(fe(y))-
k=1
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By setting z; = dy we may obtain a Kdhler potential ¢ for a Kédhler form w in (21, z2)-

coordinates via Legendre transform. We may exponentiate these to toric coordinates z; =

%t for the interior X — D. We also have
99
833‘2‘

N
= Z Ak [ka]
k=1

= Y-

and

k=1
A quick computation shows
Proposition 3.0.1. We have
L N
du= 5y [1+log(li(y))]dex
k=1
Z dEk ® dﬁk
k 1

for w, ¢}, defined above.

3.2. Toric Ruled Surfaces. We say a holomorphic submersion f: X — X is compatible with
a toric structure if its restriction to each fiber is toric. For toric surfaces, this implies that
each fiber is a toric Riemann surface which then implies that it is diffeomorphic to S2. Thus
f: X — Yis actually a P!-bundle over ¥. This is sometimes referred to as a T-invariant
ruling on X. We shall refer to X as a toric ruled surface.

Example 3.1. Consider X = P! x P! with standard toric moment map x: X — R? given by
the product of the standard moment map for PL. The image of 4 is a square P = [0, 1)
R?. The holomorphic submersion f: X — P! given by (p1, p2) — p1 is compatible with the
toric structure.

Example 3.2. Take CP? together with an embedded projective line L ¢ CP?. We may fit
this line to a Lefschetz pencil on CP? whose base locus is a single point p. Blowing up this
point p, we obtain a Lefschetz fibration F': X — P!. The toric structure on CP? may be
used to construct a toric structure on X. Via a transformation of CP?, we can ensure that
our Lefschetz fibration is also compatible with this toric structure.

Example 3.3. More generally, we consider a Hirzebruch surface X;_, = P(O(a) ® O(b)).
This carries an effective T?-action which descends from the effective T?-action on the rank-
2 bundle O(a) & O(b).

Possessing a compatible Hamiltonian S! action on fibers leads to remarkable rigidity.
For each fixed fiber, such an action represents a subgroup S! — T2, a periodic 1-parameter
family of elements. Such a family is characterized by its slope at the identity. This is
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represented by a vector v € t coming from some parameterization of S'. In the standard
parameterizaiton of T?, this is a vector of some fixed rational slope. Such a holomorphic
submersion thus represents a continuous family of rational slopes which only exists if the
family is locally constant. It then follows that such an action may be represented by a non-
vanishing assigment of parallel representing vectors o : ¥ — t. By definition, each of these
generates a vector field X, which is tangent to its corresponding fiber f ~1(q). From such
a vector, one can choose a single vector v € t which generates a vector field X, tangent to
all fibers simultaneously (in fact every vector in the image of o satisfies this). This yields a
potential condition to check for establishing compatibility for more specific examples.

Proposition 3.3.1. A submersion f: X — X is compatible with the toric structure on X if and
only if there is a primitive vector v € t such that, for each fiber F', X,, € T'F everywhere.

3.3. A shrinking family of toric metrics. From the presentation of the moment polytope
P via the collection of inequalities

we have a canonical toric divisor: Let P, C P denote the face of P defined by ¢, = 0. Then
Dy, = p~1(Py) is a smooth sphere and

N
D= U Dy,
k=1

is a normal crossing divisor. The cohomology class of this divisor depends on n;, but not
on ;. We consider the family P; of polytopes defined by

for t € [0,T]. This canonically defines a 1-parameter family of toric Kéhler metrics w; via
the Guillemin potentials

L
U = 3 ng,t(y) log(Yk(y))
k=1

We may present [w] and ¢ (X) via the toric divisors [Gui94], we have

Wil = > 2m(A — t)[wp,]

-

and
N
a(X)=> 2rlwp,]
k=1
after choosing compactly supported 2-forms wp, as before. This allows us to write
[wi] = [w] = ter (X).

Thus our family follows the cohomological profile of a Kéhler-Ricci flow starting from w.
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3.4. The geometry of the fiber. The moment map p: X — P restricts to a fiber F' to yield
amap pulp : F — P. Its image is a curve v C P with endpoints on 0P. Letv € tbe a
vector generating a compatible Hamiltonian S!-action on F. We can extend v to a basis
{v,w} for the Lie algebra t which we may dualize to obtain a pair of moment coordinates
(y1,y2) for t*. This gives rise to a pair of toric coordinates (z1, z2) in X — D.

The moment map pp: F — R for its compatible Hamiltonian S'-action is pr = p.
Its image is the interval Ir C R given by I = [s_,s;]. Using this to fix action angle
coordinates (s, ¢), we may write the fiber metric g = g|r in the form

gr = Sds®+ 87! d<,02
where S = Aup for some convex toric potential up: Ir — R.
We will compute Aup from V2u. Recall that for the Guillemin potential, we have

k 1

We may use the moment coordinate s to form a parameterization yp(s) of the y-moment
image of F'. It follows that

dly(yr (s
Viu
P = Z (v (s
By letting f(s) = ¢x(vr(s)), we may write thls more compactly as
N
1o~ ()
v?u I k
e 2 ; i

Since the fiber is given on the open torus orbit by 22 = ¢, we have

T2 = Ou = log ||
A2
along F'. Writing
oy,
= o

we therefore obtain

ou 1
—=-z 141 =1
0 2;%( + log () = log |c|
which exponentiates to
N
[[ar=c
k=1

Welet Ay = {ap: ap > 0} and A_ = {ay : a < 0}, then

N
[[ar-c=o0
k=1
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is equivalent to

II «-¢ [] &~ =o

ar€AL a_eA_

The left hand side is polynomial in (1, y2) and the moment curve v is the vanishing locus
of this polynomial intersected with P.

4. KAHLER RicCI FLOW ON TORIC RULED SURFACES

4.1. Collapsing and non-collapsing. We let

 flwAw)

YT Vol(F,w)

where f.: Q3-(X) — Q2,(X) denotes fiber integration. We have

Vol(X,w):/Xw/\w:/Zf*(w/\w)

and so Vol(X,w) = Vol(F,w)Vol(X,ws).
Under Kihler-Ricci flow, we have

Vol(X,wt):/ Wi N wy
X

= / (w—te1 (X)) A (w — ter (X))
X

= /Xw/\w—Qt/Xcl(X)/\w+t2/Xcl(X)/\cl(X)
= Vol(X,w) — 2tVol(D,w) + t*[D] - [D]
and of course
Vol(F,wt) = Vol(F,w) — t[F] - [D]

A basic understanding of collapsing behavior of X under Kdhler-Ricci flow comes first

from understanding the discriminant of Vol(X, w;) which is quadratic in ¢. If
Vol(D,w)?
Vol(X,w) > ——————

[D]- D]

then total volume remains non-collapsed for all ¢ < T" which means so does the volume of
F. Kéhler-Ricci flow thus continues until some ¢ = T" with

T<Tfp
and
T<Tp
If
Vol(X,w) < VoD, w)*
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then X may collapse in several ways. We let ¢ = Tx denote the first positive root of
Vol(X,w;). If strict inequality holds, then we have Tx < Tp and so X collapses before D
does. If T'x < T, then we have

lim Vol(X,ws(t)) =0

t—Tx
while the volume of the fiber remains positive. If Tx = TF, then by L'Hopital’s rule
. Vol(X,wy) . O Vol(X,wy) . 2Vol(D,wy)
A Vel ws(t) = I oy ~ R OVal(Fwy) b [F]- (D)
and so (3, wx(t)) remains non-collapsed unless Tx = T = Tp.
We will assume that
T=Tr <Tp
so that the Kéhler-Ricci flow exists until volume of the fiber collapses and

lim Vol(X,w) > 0.
t—Tx

this is essentially the same setting as [SSW13] where it is required that
W] =Ter(X) = [f79]

for some Kéhler metric Q2 on 3. Our collapsing condition is much weaker but we suspect
the stronger condition should also hold in this setting as well.

4.2. Diameter decay under Kdhler-Ricci flow. We are now ready to prove our main the-
orem. The diameter of F' is defined to be the supremum over all pairs of points p, ¢ € F' of
gr-distances dist,, (p, q). Let p, ¢ be a pair of points realizing the diameter. We may always
join any two points in F' by segments of a pair of meridians through the poles of F'. This
allows us to approximate the distance between p and g with curve with piecewise constant
angle ¢ in action angle coordinates (s, ¢). We thus may estimate the diameter to be

diamg, (F) < 2L[F)

Where L[F] is the meridional length of F' defined to be the length of any fixed meridian
m = {¢ = ¢o} between the poles p_ = {s = s_} and py = {s = s4}. We have

L[F] = Length[m| = f VS ds.

From our formula for S above,
/ 2

-3

k=1

/ il
1 VIk

Each integral on the right may be computed via the ]acoblan formula which yields

/'f’f / Z —dt /::IN\’“/(;)dt

s€fy (t)

l\ﬂ)—t

this becomes the quantity
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where

Ni(t) = #£; () = #(r 0 {l, = t}).
The right hand side is finite and uniformly bounded above by a constant K > 0 by Bezout’s
theorem and so we have an upper bound

fmax K
L[F] < %dt:ZK(\/ fmaa:_ V fmln) SQK fmaz_fmin
fmin

It is straightforward to show |f;| < D for some D. Thus we have

V fmax - fmzn < D\/ S — 85—

Since

Vol(F,w) = / ds Ndp =2m(sy — s—)
F
this yields the estimate

diamg,, (F) < C+/Vol(F,w).

for some constant C. From this inequality follows our main theorem.

Theorem 1.1. Let w; be the canonical shrinking family of toric metrics starting at (X, g,w). Then
we have
diamg, (F) < C(T — t)'/?

Proof. Along the family, we have

diamg, (F) < C+/Vol(F,w:)

Since w; and w; are cohomologous,
Vol(F,w) = Vol(F,w) = Vol(F,w) — t[F] - [D] = [F] - [D] <VOZ(F’W) — t)

and since

we have
Vol(F,w;) = [F] - [D](T - t).
We may then estimate

diamg,(F) < C+/[F] - [D|(T — t)l/Q

Along the actual Kédhler Ricci flow, we have ¢; = 5,5 + 1 so that
Wt = 165¢t == L~L}t -+ 185¢t
The regularity of ¢: is a direct obstruction to transferring this estimate to the Kéhler-
Ricci flow itself. In particular, uniform control of the second derivatives of ; along the

collapsing fibers would provide the natural bridge between the symplectic model and the
sharp Kéhler-Ricci flow estimate.
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